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Quantum singularities in the BTZ spacetime
Joa˜o Paulo M. Pitelli∗ and Patricio S. Letelier†
Departamento de Matema´tica Aplicada-IMECC, Universidade Estadual de Campinas, 13081-970 Campinas, S.P., Brazil
The spinless Ban˜ados-Teiltelboim-Zanelli (BTZ) spacetime is considered in the quantum theory
context. Specially, we study the case of negative mass parameter using quantum test particles
obeying the Klein-Gordon and Dirac equations. We study if this classical singular spacetime, with
a naked singularity at the origin, remains singular when tested with quantum particles. The need of
additional information near the origin is confirmed for massive scalar particles and all the possible
boundary conditions necessary to turn the spatial portion of the wave operator self-adjoint are
found. When tested by massless scalar particles or fermions, the singularity is “healed” and no
extra boundary condition are needed. Near infinity, no boundary conditions are necessary.
PACS numbers: 04.20.Dw, 04.70.Dy
I. INTRODUCTION
In the 2+1 dimensional Einstein theory of gravitation
without cosmological constant, the spacetime is necessar-
ily flat and only its global topological properties [1] makes
it different from the trivial 2 + 1 dimensional Minkowski
spacetime. In the simplest case of a point particle at
the origin, the resulting spacetime is conic [2] (the usual
plane with a slice removed and identified edges). It is the
2+ 1 dimensional analog of the 3+ 1 dimensional cosmic
string (for a classical treatment see [3] and for a quantum
treatment [4]).
When a negative cosmological constant, Λ, is consid-
ered, the Einstein equations admit a black hole solution
[5]. The lower dimension of the BTZ solution makes it a
particularly simple example of a spacetime with the main
properties of the usual 3 + 1 black hole.
The negative cosmological constant gives us a asymp-
totically anti-de Sitter spacetime, instead of a flat one. In
fact, the BTZ spacetime is locally anti-de Sitter, differing
only by its global topological properties [6, 7].
There are three different kinds of spacetimes (solutions
of Einstein equations) depending on a mass parameterm,
which has been adjusted so that the mass vanishes when
the horizon size goes to zero, that is, m = 0 for the vac-
uum state. For m > 0, there is a continuum black hole
spectrum with a singularity of the Taub-NUT type at the
origin, hidden by an event horizon given by r+ =
√
ml
[5], where l−2 = −Λ. This spacetime does not violate the
cosmic censorship hypothesis since the singularity is hid-
den. It is a reasonable classical spacetime and quantum
mechanical considerations are not needed in this case.
As m takes values smaller than or equal to zero,
there appears a continuous sequence of naked singulari-
ties (point particle sources) at the origin. The singular-
ities do not come from any curvature scalar divergence,
but rather from a topological obstruction of the space-
time continuation, since the Ricci tensor has a term pro-
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portional to the Dirac distribution [8] in addition to the
constant curvature. This last term is due to the presence
of the cosmological constant. Near the origin, where the
curvature can be neglected, the spacetime is conic, so it
must be excluded by the cosmic censorship hypothesis.
It is in this classical background that the quantum test
particles will be studied in order to see if the spacetime
remains singular when considered in the quantum theory
context. In this paper we adopt the definition of quan-
tum singularity due to Horowitz and Marolf [10], which
says that a spacetime is quantum mechanically nonsingu-
lar if the time evolution of any wave packet is uniquelly
determined by the initial wave function.
When m takes the value −1, the spacetime does not
present an event horizon, but there is no singularity to
hide either, so this solution (a true anti-de Sitter space-
time) is again permissible and it is the ground state of the
theory (for a discussion of the importance of naked sin-
gularities to establish the ground state in any gravitation
theory, see [9]).
For the mass parameter m < −1 the spacetime repre-
sents point sources with negative mass without physical
meaning.
The purpose of this work is to study the naked singu-
larities for the continuous sequences of spacetimes sepa-
rating the black hole like spectrum from the ground state
anti-de Sitter spacetime. We shall use quantum test par-
ticles to determine if these spacetimes are quantum me-
chanically singular.
The paper is organized as follows, in section II we
present a brief review of quantum singularities in a gen-
eral static spacetime. In section III we apply the for-
malism presented in the previous section to the case of
scalar particles. We also consider the boundary condi-
tions studied by Kay and Studer [11] and adopt them
in the context of the BTZ spacetime. In section IV, we
extend the formalism to particles with spin. Finally, in
section V, we discuss the results presented in this work.
2II. QUANTUM SINGULARITIES
In general relativity, a spacetime singularity is indi-
cated by incomplete geodesics or, more precisely, by b-
incompleteness, i.e., incomplete curves of boundary accel-
eration [14]. At the singular points, an extra information
must be added, since we lose the capacity to predict the
future of a particle following an incomplete worldline.
In order to generalize this concept to quantum mechan-
ics, Horowitz and Marolf proposed a simple definition of
singularity. They stated that a spacetime is nonsingular
if the evolution of any state is uniquely determined for
all time. In this way, a spacetime is said quantum me-
chanically nonsingular if the time evolution of any wave
packet is uniquely determined by the initial wave data
on a Cauchy surface.
To be more precise, let (M, gµν) be a static spacetime
with a timelike Killing vector field ξµ, t be the Killing
parameter and Σ a static spatial slice orthogonal to ξµ.
The Klein-Gordon equation on this spacetime,
Ψ =M2Ψ, (1)
can be split in a temporal and a spatial part,
∂2Ψ
∂t2
= −AΨ = V Di(V DiΨ) +M2V 2Ψ, (2)
where V 2 = −ξµξµ andDi is the spatial covariant deriva-
tive on Σ
To avoid the singular points, we take C∞0 (Σ), the set
of all smooth functions of compact support on Σ, as the
domain D(A) of the operator A defined in equation (2).
With this domain, A is a well-defined positive symmetric
operator on the Hilbert space H = L2(Σ, V −1dµ), where
dµ is the usual measure on Σ.
The chosen domain is so small, i.e., the restrictions on
functions are so strong, that the domain of the Hilbert
adjoint operator A∗ is extremely large and it is composed
of all functions ψ in L2(Σ, V −1dµ) such that Aψ ∈ L2.
Then, A is not self-adjoint.
Hence, we are face with the problem of searching for
self-adjoint extensions of A and to discover if it has only
one or many of such extensions.
If A has only one self-adjoint extension (its closure A),
then A is said essentially self-adjoint [15, 16, 17]. Since
we are worried with the one particle description, not a
field theory, the positive frequency solution satisfies
i
∂Ψ
∂t
= (A)1/2Ψ, (3)
and the evolution of the wave packet is uniquely deter-
mined by the initial data,
Ψ(t,x) = e−it(A)
1/2
Ψ(0,x). (4)
In this case, we say that the spacetime is quantum me-
chanically non-singular.
Now, if A has many self-adjoint extensions Aα, where
α is a real parameter, we must choose one in order to
evolve the wave packet. Any solution of the form
Ψ(t,x) = e−it(Aα)
1/2
Ψ(0,x), (5)
is a good solution and an extra information must be given
to tell us which one has to be chosen. In this case we say
that the spacetime is quantum mechanically singular.
The criterion used to determine the number of self-
adjoint extensions of A (Theorem X.2 on reference [16])
is to solve the equations
A∗ψ ± iψ = 0, (6)
and to count the number of linear independent solutions
in L2, i.e., the dimension of ker(A∗ ± i). If there is no
square-integrable solutions, the operator posses a unique
self-adjoint extension and it is essentially self-adjoint. If
there is one solution in L2 to each equation in (6), a one-
parameter family of self-adjoint extensions exists and its
extension is not unique. The theory of deficiency indices
of von Neumann says that these self-adjoint extensions
are represented by the one-parameter family of the ex-
tended domains of the operator A given by [16]
Dω = {ψ = φ+ φ+ + eiωφ− : ω ∈ R, φ ∈ D(A)}, (7)
where
A∗φ± = ±iφ± (8)
and φ± ∈ L2. The term eiω in (7) appears because the
theory says that the self-adjoint extensions of the oper-
ator A are in one-to-one correspondence with the isome-
tries from ker(A∗ − i) to ker(A∗ + i), i.e., the isometries
given by φ+ 7→ eiωφ−.
III. SCALAR FIELDS
The metric for the spinless BTZ spacetime [5] is
ds2 = −V (r)2dt2 + V (r)−2dr2 + r2dθ2, (9)
with the usual ranges of the cylindrical coordinates and
V (r)2 = −m+ r
2
l2
, (10)
where m is the mass parameter.
After separating variables, ψ = R(r)einθ, the radial
portion of equation (6) can be cast as
R′′n +
(V 2r)′
V 2r
R′n −
n2
V 2r2
Rn − M
2
V 2
Rn ± iRn
V 4
= 0. (11)
To consider the case r → ∞, we note that for large
values of r the metric takes the form,
ds2 ≈ −
(
r2
l2
)
dt2 +
(
r2
l2
)−1
dr2 + r2dθ2. (12)
3This spacetime is asymptotically anti-de Sitter. The
measure on the slice Σ is dµ = rdr. From the definition
of Horowitz and Marolf [10] we find that the measure of
our Hilbert space H is V −1dµ = ldr.
Then, the equation (11) takes the form
R′′n +
3
r
R′n −
n2l2
r4
Rn − M
2l2
r2
Rn ± i l
4Rn
r4
= 0. (13)
For very large values of r, we can consider only the
first two terms of the equation (13). Then we have
R′′n +
3
r
R′n = 0, (14)
whose solution is
Rn(r) = C1n + C2nr
−2, (15)
where C1n and C2n are arbitrary constants. R(r) ∈ L2 if
and only if C1n = 0. Then, for each mode we have only
one solution in L2. Let us now, analyze the case r → 0.
The metric in this case is approximately given by
ds2 ≈ −α2dt2 + α−2dr2 + r2dθ2, (16)
where α2 = −m (remember we are interested in the case
−1 < m < 0).
Redefining the coordinates (t → α, r → α−1r), we
have
ds2 ≈ −dt2 + dr2 + α2r2dθ2. (17)
The metric (17) tells us that near the singularity r = 0,
where curvature effects are negligible, the BTZ spacetime
is conic.
The parameter m = −α2 is related to the mass of the
point particle source by α = 1 − 4Gmsource and to the
deficit angle by ∆ = 2pi(1− α).
As noted by Horowitz and Marolf [10], the case of the
massive test particles need not to be considered. The ad-
ditional term −M2V 2 R in equation (11) acts as a repulsive
potential, increasing the rate at which the non-square in-
tegrable solution diverges at the origin, and driving the
square integrable solution more quickly to zero. Then, if
the operator A defined in equation (2) is essentially self-
adjoint for M = 0, it is also essentially self-adjoint for
M > 0. Therefore, we need only to analyze the massless
case M = 0.
From (17) we find that equation (11) reduces to
R′′n +
1
r
R′n +
[
± i− n
2
α2r2
]
Rn = 0, (18)
whose general solution is
Rn(r) = AnJ|n/α|(kr) +BnN|n/α|r, (19)
where Jν(κr) and Nν(κr) are the ν
th order Bessel and
Neumann functions, respectively, and k =
√
i.
Near r = 0, J|n/α|(x) ∼ x|n/α|, ∀ n, while N|n/α|(x) ∼
x|n/α|, except for n = 0, when N|n/α|(x) ∼ lnx. From
the behavior of the Bessel and Neumann functions near
the origin, it is easy to show that J|n/α|(kr) is square-
integrable near r = 0 for all n = 0, 1, 2, . . . , while N|n/α|r
is square-integrable near r = 0 only if |n/α| ≤ 1, or
|n| ≤ α < 1. So Nn(r) belongs to L2 near r = 0 only if
n = 0. In this case, we can adjust the constants A0 and
B0 in equation (19) to meet the asymptotic behavior at
infinity, R(r) ∼ 1/r2.
Then, for n = 0, there is a solution of equation (6)
in L2(R+, V −1dµ). Therefore, there is a one-parameter
family of self-adjoint extensions of A and the spacetime
is quantum mechanically singular.
Near r = 0, the negative mass BTZ spacetime is sim-
ilar to a conic spacetime [see equation (17)]. Positive-
frequency solutions of the Klein-Gordon equation in this
spacetime satisfies
i
∂Ψ
∂t
= (µ2 −∆)1/2Ψ, (20)
where µ is the particle mass and ∆ is the Laplace-
Beltrami operator on the cone.
The boundary conditions necessary to turn the oper-
ator (µ2 − ∆0)1/2 self-adjoint, in this case, are already
known for a scalar test particle [11]. They are obtained
using Neumann’s theory of deficiency indices (see [16])
and are given by
limr→0
{[
ln(qr/2) + γ
]
rR′0(r)−R0
}
= 0, q ∈ (0, µ],
limr→0 rR
′
0(r) = 0, q = 0,
(21)
where γ is Euler-Mascheroni constant. Since −q2 is an
eingeinvalue of −∆0, the quantity q is restricted by 0 ≤
q ≤ µ in order that the operator (µ2−∆)1/2 makes sense.
Note that for a massless particle (µ = 0) we must take
the boundary condition for q = 0. Thus the spacetime is
non-singular when tested by massless particles.
Because we are interested only in local conditions at
r = 0, we take these boundary conditions as the bound-
ary conditions of our problem and, given one of the condi-
tions in equation (21), the evolution of the wave packet is
uniquely determined by the initial data. Different choices
give us different theories.
IV. DIRAC FIELDS
In a 2 + 1 dimensional spacetime, fermions have only
one spin polarization [18], hence spinors have only two
components and the Dirac equation consists of a set of
two coupled partial differential equations. The constant
Dirac matrices, γ(j), in flat spacetimes are replaced by
the Pauli matrices [19], i.e.,
γ(j) = (σ(3), iσ(1), iσ(2)), (22)
4where Latin indices represent internal (local) indices. In
this way
{γ(i), γ(j)} = 2η(ij)I2×2, (23)
where η(ij) is the Minkowski metric in 2 + 1 dimensions,
i.e., η(ij) = diag(−1, 1, 1) and I2×2 is the 2 × 2 identity
matrix.
The coordinate dependent metric gµν(x) and matrices
σµ(x) (Greek indices representing external, or global, in-
dices) are related to the dreibein e
(i)
µ (x) by
gµν(x) = e
(i)
µ (x)e
(j)
ν (x)η(ij),
σµ(x) = eµ(i)γ
(i).
(24)
In the general 2+1 dimensional spacetime with metric
gµν(x), the Dirac equation for a free particle (with mass
M) can be cast as
iσµ(x)[∂µ − Γµ(x)]Ψ(x) =MΨ, (25)
where Γµ(x) is the spinorial affine connection and it is
given by
Γµ(x) =
1
4
gλα[e
(i)
ν,µ(x)e
α
(i)(x) − Γανµ(x)]sλν (x), (26)
with
sλν(x) =
1
2
[σλ(x), σν (x)]. (27)
As in the case of scalar particles, we are interested in
the two singular cases (r →∞ and r = 0). When r →∞,
we take the metric (12). For this metric, we choose
e(i)µ (t, r, θ) = diag(r/l, l/r, r),
eµ(i)(t, r, θ) = diag(l/r, r/l, 1/r).
(28)
The coordinate dependent gamma matrices and the
spinorial affine connection are given by
σµ(x) =
(
l
r
σ(3),
ir
l
σ(1),
i
r
σ(2)
)
,
Γµ(x) =
(
1
2
r
l2
σ(2), 0,
i
2
r
l
σ(3)
)
.
(29)
Now, for the spinor
Ψ =
(
ψ1
ψ2
)
, (30)
we can write the Dirac equation in the spacetime (12) as,
il
r
∂ψ1
∂t
− r
l
∂ψ2
∂r
+
i
r
∂ψ2
∂θ
− 1
l
ψ2 −Mψ1 = 0,
− il
r
∂ψ2
∂t
− r
l
∂ψ1
∂r
− i
r
∂ψ1
∂θ
− 1
l
ψ1 −Mψ2 = 0.
(31)
For the positive frequency solutions we shall use the
ansatz,
Ψn,E(t,x) =
(
R1n(r),
R2n(r)e
iθ
)
einθe−iEt. (32)
Note that Ψ(t,x) is an eigenfunction of the total angular
momentum Jz = Lz + Sz, with Jz = −i ∂∂θ and Sz =
σ(3)/2, with eigenvalue n+ 12 [20]. We have for the radial
part of the Dirac equation,
R′1n(r) +
(
1
r
− nl
r2
)
R1n(r) +
(
Ml
r
+
El2
r2
)
R2n(r) = 0,
R′2n(r) +
(
1
r
+
nl
r2
)
R2n(r) +
(
Ml
r
− El
2
r2
)
R1n(r) = 0.
(33)
By neglecting the lower order terms, since we are inter-
ested in the r →∞ case, we have:
R′1n(r) +
(
1
r
)
R1n(r) +
(
Ml
r
)
R2n(r) = 0,
R′2n(r) +
(
1
r
)
R2n(r) +
(
Ml
r
)
R1n(r) = 0.
(34)
Therefore, for both components we have the same
equation,
R′′j (r)+
3
r
Rj(r)+
1
r2
(1−M2l2)Rj(r) = 0 (j = 1, 2). (35)
Again, neglecting lower order terms we obtain
R′′j (r) +
3
r
Rj(r) = 0 (j = 1, 2). (36)
Hence, asymptotically, the radial portion of the spinor
Ψ behaves as
R(r) = Ar−2 +B, (37)
where A and B are constant spinors.
The solution (37) is square-integrable only if B = 0.
Only one constant must be specified. Then our solution
is well-behaved near infinity and no extra boundary con-
ditions are necessary.
The metric near r = 0 is very close to the conic back-
ground (17). This problem has already been dealt with
in references [12] and [13]. The metric (after changing
the variable r → αr) is,
ds2 = −dt2 + α−2dr2 + r2dθ2, (38)
and the measure on the slice Σ is α−1rdr.
The appropriate dreibein is
e(i)µ =

 1 0 00 α−1 cos θ α−1 sin θ
0 −r sin θ r cos θ

 . (39)
And by choosing positive energy solutions of the form,
Ψn,E(t,x) =
(
R1n(r),
iR2n(r)
)
ei(n+
1
2−
1
2σ
(3))θe−iEt, (40)
5we obtain the system of equations,
R′1n(r) +
[
1
2r
− n+
1
2
αr
]
R1n(r) +
E +M
α
R2n(r) = 0,
R′2n(r) +
[
1
2r
+
n+ 12
αr
]
R2n(r)− E −M
α
R1n(r) = 0.
(41)
A complete set of solutions of the Dirac equation in
the spacetime (38) is given by the normal modes,
Ψn,E(t,x) =
[
An
(
J|ν|(κr)
iJ|ν+1|(κr)
)
+Bn
(
N|ν|(κr)
−iN|ν+1|(κr)
)]
ei(n+
1
2−
1
2σ
(3))θe−iEt, (42)
where ν = [2n + (1 − α)]/2α, κ2 = (E2 −M2)/α2, An
and Bn are arbitrary constant. The Bessel function Jλ,
λ ∈ R, is square-integrable for all λ, but the Neumann
function N|λ| is not, except when |λ| < 1. Note that the
second spinor in (42) is square-integrable when |ν| < 1
and |ν + 1| < 1, i.e., −1 < ν < 0. It is easy to see
that this condition does not hold for any value of n ∈ Z.
Therefore, an arbitrary wave packet can be described by
Ψ(t,x) =
+∞∑
n=−∞
An
(
J|ν(n)|(κr)
iJ|ν(n)+1|(κr)
)
ei(n+
1
2−
1
2σ
(3))θe−iEt
(43)
and the initial condition Ψ(0,x) is sufficient to determine
the time evolution of the particle. The Cauchy problem is
well-posed and the spacetime is nonsingular when tested
by fermions. It is interesting to note that this is the case
only for the 2+1 dimensional spacetime, since for the 3+1
dimensional case (see [21]), the extra dimension adds a
continuous parameter k representing the wave vector in
the Fourier transform of Ψ. The existence of this contin-
uous parameter allows that an infinite number of normal
modes to be singular. So the spacetime around a cosmic
string remains singular when tested by fermions. The
fact that in the 2 + 1 dimensional spacetime the spatial
modes have only discrete indices excludes this possibility.
V. CONCLUSION
The BTZ spacetime with mass parameter m ≥ 0 does
not cause any problem since the weak cosmic censorship
hypothesis is satisfied (the singularity is hidden). For
the mass parameter interval −1 < m < 0, the classical
singularity persists when tested by massive scalar fields.
In principle, we do not have any reason to choose one
of the boundary conditions in (21). As well as, it is un-
certain the future of a classical particle moving along a
geodesic which reaches the singularity after a finite time,
it is uncertain the time evolution of the corresponding
quantum particle, provided it obeys the Klein-Gordon
equation. But, when tested by massless scalar bosons
and by fermions, the singularity is “healed” and no ex-
tra boundary conditions are necessary. The spacetime is
wave regular for these fields.
Because the BTZ spacetime with negative mass param-
eter is not regular for every quantum particle, it must be
excluded by the weak cosmic censorship hypothesis. For
this reason, the m = −1 case, which is the stable ground
state of the BTZ spacetime when studied in the general
relativity context, remains stable when studied in the
quantum mechanics framework.
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